ABSTRACT This paper presents a low complexity receiver for multi-user uplink transmission using generalized frequency division multiplexing (GFDM). By exploiting the frequency spreading filter in the GFDM, the banded and circulant properties of the frequency transformed modulation matrices of individual users are developed. According to the newly developed properties in the frequency domain, a novel low complexity zero-forcing (ZF) receiver is developed for multi-user GFDM uplink systems in the frequency selective channels. The proposed receiver can be realized by successive discrete Fourier transforms and onetap equalization, avoiding the huge computation caused by the inverse of the large dimensional equivalent system matrix. Simulation results show that the proposed receiver provides nearly the same symbol error rate as the traditional ZF equalizer with substantially reduced computational complexity.
I. INTRODUCTION
Since orthogonal frequency division multiplexing (OFDM) is susceptible to timing and frequency synchronization errors and has large out-of-band (OOB) radiation, it is of utmost importance to explore alternative modulation methods to meet the foreseeable application requirements, such as massive machine type communications [1] , [2] . Recently, non-orthogonal generalized frequency division multiplexing (GFDM) has been proposed as a promising multicarrier modulation scheme, because it has the advantages of low OOB emission and robustness to asynchronous transmissions [3] , [4] .
The non-orthogonality of the prototype filter pulse of GFDM causes self-interference [5] , [6] . Thus, the GFDM receiver requires a more complicated equalizer than the OFDM system in multipath fading channels. To tackle the self-interference in detection, three effective receivers, namely, match filter (MF), zero-forcing (ZF), and minimum mean square error (MMSE) receivers, were presented in [7] and [8] . Since the computational costs of the direct implementation of MF, ZF, and MMSE receivers are high, a couple of low complexity receivers for GFDM were investigated in [9] - [11] . In [9] , a low complexity MF receiver was proposed by exploiting interference cancellation in sparse frenquency domain. However, the self-interference cannot be removed completely. An algorithm with reduced computations to calculate the coefficients of MMSE receiver was reported in [10] . However, Farhang et al. [11] argued that the separation of the calculations of receiver coefficients and signal detections is inefficient in the total computations. By applying the block circulant property of the Gram matrix of the modulation matrix, an efficient implementation for MF and ZF receiver in multipath fading channels was developed in [11] . However, the solutions in the aforementioned works are only applicable to a single user using all the subcarriers but not to the uplink with multiple users.
Generalized frequency division multiple access (GFDMA) has the advantage of scheduling multiple users at the same time with flexible subcarrier assignments [12] , [13] . However, the receiver schemes developed in the literature cannot be extended to GFDMA uplink systems because the uplink multipath fading channels from users to the receiving node and the numbers of subcarriers adopted by users may be very different. It is worth mentioning that it is questionable to extend single user GFDM receiver to multi-user GFDMA systems straightforwardly in [15] except the case that all channel matrices are same.
In this paper, based on the block circulant and banded structure of the frequency transformed modulation matrix, a novel low complexity ZF receiver is proposed in multipath fading channels. The received signals can be detected with the aid of discrete Fourier transform (DFT) operations and onetap equalization. Simulation results show that the proposed scheme provides nearly the same symbol error rate (SER) as the traditional ZF receiver with much lower computational complexity. To the best of our knowledge, this novel receiver scheme is firstly developed in multi-user GFDMA uplink scenarios.
The remainder of this paper is organized as follows. Section II describes GFDM signals and the traditional ZF receiver, respectively. In Section III, new design of receiver with low complexity is developed. Simulation results are presented in Section IV. Section V gives the conclusion.
Notations: Throughout this paper, uppercase and lowercase boldface letters denote matrices and vectors, respectively. X −1 and X H stand for the inverse and Hermitian transpose of matrix X, respectively. 
II. GFDM TRANSMISSIONS AND THE TRADITIONAL ZF RECEIVER A. GFDM UPLINK TRANSMISSIONS
A GFDM block with N subcarriers and M time slots is considered. K users are considered for uplink transmissions; the kth user has |B k | subcarriers with subcarrier index set
. . , K } are orthogonal with contiguous subcarriers and have a guard subcarrier between two adjacent sets. A similar model has also been adopted in other literatures, such as [12] . In order to suppress the out-of-band emissions, a frequency spreading filter is used to spread the GFDM signal [16] . For GFDM modulation using a prototype filter sequence {p[t], t = 0, 1, . . . , NM − 1}, the transmitted symbol of user k at time t can be expressed as
where s k,n,m denotes the data of user k transmitted on the nth subcarrier in the mth time slot, p n,m [t] is the coefficient associated with s k,n,m for output time t given as
where (·) NM is the congruent modulo operation with modulus NM . Then, the GFDM signal of user k is represented as
where the transmitted signal vector
and P k is expressed as
where
is a circulant shift version of g with mN elements downwards, and
}}. The transmission channel from user k to the receiver is a multipath channel with channel impulse response (CIR)
where L is the order of the CIR, and {h k,l } are independent complex Gaussian random variables (r.v.s) with zero mean. In this paper, it is assumed that the CIR remains unchanged in one GFDM block. A cyclic prefix (CP) is inserted to the GFDM block at the transmitter and removed at the receiver. At the receiver, after the removal of the CP, the received signal can be expressed as
where H k is a circulant CIR matrix from user k to the receiver with the first column [
, n is the noise vector whose entries are independent and identically distributed (i.i.d.) complex Gaussian r.v.s with zero mean and variance σ 2 v .
B. TRADITIONAL ZF RECEIVER
In order to detect user signals, a traditional ZF receiver is discussed in this subsection. Expressing (5) in a compact form, we have
is the equivalent system matrix, and
At the receiver, an equalizer R is used to decorrelate the received signal and its output iŝ s = RH eq s + Rn.
A ZF equalizer is considered in this paper because of its easy implementation and near optimal performance at high SNR. The ZF equalizer for (7), referred to as traditional ZF equalizer, is
The multiplication and inverse of the large dimensional matrices in (8) cause a heavy computation burden. To facilitate the design of a low complexity ZF receiver, we develop two propositions in the next section.
III. LOW COMPLEXITY RECEIVER DESIGN
In this section, based on the derived properties of modulation matrix in the frequency domain, a ZF receiver with low complexity is designed. Furthermore, the computational complexity analysis of the traditional ZF and proposed ZF receivers is presented.
A. NEW PROPERTIES OF MODULATION MATRIX IN THE FREQUENCY DOMAIN
The matrix G in the frequency domain can be expressed as
Accordingly, the first column ofG is the DFT of the prototype filter g given asg
The properties of the matrixG and the frequency transformed modulation matrixP k are respectively described in the following two propositions.
Proposition 1: The matrixG can be partitioned into N sub-blocks asG
respectively, where
Proof: The practical prototype filters, such as raised cosine (RC) and root RC with roll-off factor α ≤ 1 [17] , have at most 2M nonzero frequency components. In this paper, the prototype filter is a RC function. Since these nonzero frequency components are located at the frequency indices
Using the cyclic shift property of DFT, we havẽ
, and is the Hadamard product operator.
Substituting (13) into (9), we havẽ
where the (r, c)th
Based on (12) and (14), Proposition 1 is proved.
Next, we study the property of the frequency transformed modulation matrix of user k. Define the modulation matrix of user k in the frequency domain as
Proposition 2: For the subcarrier assignment scheme mentioned in Section II, the matrixP k can be expressed as
where the tall matrix
Proof: Firstly, the ith block in (15) can be expressed as
The (r, c)th element of
where Q (NM ) [r] denotes the rth column of Q (NM ) . Thus,
H is a circular shift matrix to shift the elements of a column vector downwards by k i M elements. Then, based on the expression ofG in Proposition 1, the expression ofP k in (16) can be obtained. Based on two propositions above, we will propose a new ZF receiver design with low complexity in the next subsection.
B. NEW RECEIVER DESIGN PROCEDURES 1) TRANSFORM THE RECEIVED SIGNAL INTO FREQUENCY DOMAIN
Since H k is a circulant square matrix, it can be diagonalized by the discrete Fourier transform matrix Q (NM ) as
where k is the diagonal matrix with the nth diagonal element
Substituting (21) into (5), the received signal in the frequency domain can be expressed as
whereñ = Q (NM ) n. Unlike single user GFDM systems, the transformed channels k 's (in the frequency domain) cannot be equalized simultaneously in multi-user GFDMA systems because
2) CHANNEL EQUALIZATION FOR EACH USER
Based on the structure ofP k in (16), the received signal corresponding to user k can be extracted fromỹ as
where˜ k is a submatrix of k expressed as
Using one-tap equalization, the equalizer output is given as
wheren k =˜ −1 kñ k .
3) CIRCULANT CONSTRUCTION
Cutting off the last M elements from the vectorȳ k and adding them to the first M elements ofȳ k yield a new vector as
wherē
Substituting (26) into (27) gives
where the ith entry of noise vector v k is
Based on the structure of D k in (17),D k is a block circulant equivalent channel matrix with the first block column
4) EQUALIZING THE NEW BLOCK CIRCULANT MATRIX
Recalling the block circulant property of the matrixD k , we can get
with
where k,i is a diagonal matrix and can be obtained by substituting (10)- (11) into (32) expressed as
where 1 and N are given in the line below (11) . Thus, the post-processed signal in (28) can be reexpressed as
}T H k . Using the ZF equalization, the signal can be detected bŷ
where both T H k and U H k can be implemented by a series of DFT (or IDFT) operations, and
k is a one-tap equalizer.
5) IMPLEMENTATION SUMMARY
The implementation procedures of the proposed scheme can be summarized as:
• Step 1: Transform the received signal into the frequency domain by (22);
• Step 2: Extract individual user signal by (23) and equalize channel effects by (25);
• Step 3: Construct block-circulant structure by (27);
• Step 4: Equalize the block circulant matrix in the frequency domain and detect the signal by (36). The block diagram of the proposed receiver is presented in Fig. 1 . 
C. COMPLEXITY ANALYSIS
The computational complexity is composed of the calculation of equalizer coefficients and the detection of the received signals. The complexity analysis is based on the number of complex multiplications (CMs). The complexity of the proposed ZF receiver is shown as follows. In step 1, the NMpoint DFT operations involve N 2 M 2 CMs. 1 k only involve the prototype filter, they can be pre-computed off-line and saved for use in equalization. The multiplication with U H k takes |B k | times M -point IDFT operations and M times |B k |-point DFT operations requiring
CMs. Thus, the total CM computations of the proposed ZF receiver are
The computational complexity of the traditional ZF receiver is analyzed as follows. The construction of H eq needs NM 2 (L + 1)J CMs. The multiplication of H H eq H eq involves NM 3 J 2 /2 CMs. The inverse of H H eq H eq includes about M 3 J 3 CMs. The multiplication of H H eq on the right hand requires NM 3 J 2 CMs. At last, the detection of the received signal needs NM 2 J CMs. Thus, the total number of CMs of the traditional ZF receiver is
IV. SIMULATION RESULTS
In the simulation, a RC filter with roll-off factor α is used. The CIR {h k,l } are independent complex Gaussian r.v.s with zero mean and variance {η 2 l }. The variance η 2 l follows an exponential power profile, i.e., η 2 l = η 2 0 exp{−l/4}, where η 2 0 is used to normalize the channel power gain with L l=0 η 2 0 exp{−l/4} = 1 [14] . Quadrature amplitude modulation (QAM) with a square constellation of size 16 is adopted. Other simulation parameters are shown as follows: The number of users K = 4, the noise power σ 2 v = −99dBm, the order of the CIR L = 10. Fig. 2 plots the number of CMs required for the traditional ZF and proposed ZF receiver versus block length M for different numbers of total subcarriers. The users are assigned with unequal numbers of subcarriers. The roll-off factor is 0.9. It is shown that the proposed scheme can reduce the complexity substantially. The required computation of the traditional ZF is about 10 4 − 10 5 times that of the proposed ZF receiver. The performance of equal subcarrier assignment is similar and omitted for concision. Figs. 3(a) and 3(b) plot the system SERs of the traditional and proposed ZF receivers versus SNR for equal and unequal subcarrier assignment schemes, respectively. It is shown that the SER with small roll-off factor is superior to that with the large one because more inter-carrier interference is leaked into adjacent subcarriers for large roll-off factors. Importantly, it can be observed that the SER performance of the proposed ZF is nearly the same as that of the traditional ZF for both equal and unequal subcarrier assignments. The reason why there is a small gap between the SER performances of the proposed receiver and traditional ZF receiver is that the first M elements in the noise vector are reshaped and the dimension of modulation matrix is reduced in (27). The proposed ZF receiver using the circulant reconstruction has larger noise power than the traditional ZF receiver after equalization. The detailed proof of performance gap is given in Appendix A. 
V. CONCLUSION
This paper proposes a new ZF receiver design for multiuser GFDMA uplinks. To avoid the huge computation caused by the inverse of large dimensional equivalent channel matrix, a low complexity receiver with closed-form is developed. By using the banded and block circulant structure of the frequency transformed equivalent channel matrix, the signal detection can be efficiently implemented with the aid of DFT (or FFT) and one-tap equalization operations. VOLUME 6, 2018 Importantly, the proposed scheme can reduce the computational complexity substantially with negligible loss of SER performance in comparing with the traditional ZF receiver.
APPENDIX A PROOF OF PERFORMANCE GAP
Due to the equivalent transforms in Step 1 and 2, the performance of applying zero-forcing equalization to (26) is the same as the traditional ZF receiver, while the zeroforcing equalization to (28) is the proposed ZF receiver. Equations (26) and (28) are given as
respectively, where the elements inn k are independent complex Gaussian r.v.s of zero mean and variances {a k,i } with a k,i = σ 2 v /[˜ k ] 2 i,i for 1 ≤ i ≤ |B k |M +M . According to (27), the variance of the ith element in v k can be expressed as
The expressions of D k andD k are respectively rewritten as Let f k,i denote the ZF receiving vector for equalizingD k of (40) in order to detect the ith data stream of user k. We have
whereD k [j] is the jth column of the matrixD k . Then, after the circulant construction in (27), the noise power on the ith data stream of user k is given as
